Abstract: This paper investigates the validity of the Fisher hypothesis using data from 33 developed and developing countries. Conventional cointegration tests do not provide strong evidence on the relationship between nominal interest rates and inflation. Therefore, we use fractional cointegration analysis to test the long-run relationship between the two variables. The results indicate that the long-run relationship between nominal interest rates and inflation do not exist for most countries in the sample when conventional cointegration test is employed. However, fractional cointegration between the two variables is found for a large majority of countries, implying the validity of the Fisher hypothesis. The results also indicate that the equilibrium errors display long memory.
Introduction
The one-to-one long-run relationship between interest rates and inflation, known as the Fisher hypothesis, has been tested extensively in the last two decades. In a large part, this was a result of the emergence of the literature on unit roots and cointegration techniques designed to uncover long-run relations in the data. Researchers began to apply mainly cointegration techniques developed by Engle and Granger (1987) and Johansen (1988) to test for long-run relationship between time series variables. Since most studies cannot reject the null hypothesis of a unit root in nominal interest rates and inflation, test of the Fisher hypothesis has centered on analyzing the existence of a cointegrating relationship between interest rates and inflation. However, the available evidence (summarized in section 2) suggests conflicting evidence.
The standard cointegration analysis assumes that all variables are integrated of order one, I(1), and hence restricts the error correction term to be an I(0) process, which is not persistent 1 . This may explain the conflicting results found in the literature concerning the validity of the Fisher hypothesis. In this paper, we argue that a fractionally cointegrated structure might be more appropriate for examining the Fisher hypothesis. It is so, because the error correction term might respond to shocks more slowly than implied by classical cointegration analysis, and as a result, equilibrium errors might behave as a fractionally integrated series, displaying slow mean reversion 2 . In other words, the error correction term might exhibit long memory, so that deviations from equilibrium are highly persistent; hence the error correction term needs not to be stationary, I(0). Consequently, if the error correction term is fractionally integrated, then there exists a fractional cointegration (equilibrium) relationship between nominal interest rates and inflation, which is consistent with the Fisher hypothesis. To the best of our knowledge, two published papers that use fractional cointegration technique to analyze the relationship between nominal interest rates and inflation are those of Lardic and Mignon (2003) and Ghazali and Ramlee (2003) . They examine the Fisher hypothesis for G7 countries and find that such a relationship exists for the majority of the countries, thus confirming its validity.
The contribution of this paper is twofold. First, we provide evidence for the validity of the Fisher hypothesis for both developed and developing countries, which allows us to assess the existence of the Fisher hypothesis for both types of countries 3 .
Second, we use fractional cointegration technique, which is less restrictive than the conventional cointegration techniques used in previous studies, to test the hypothesis.
The structure of the paper is as follows. Section 2 introduces the Fisher equation.
The concept of fractional cointegration is defined in Section 3. Section 4 presents the data set and empirical results. Finally, Section 5 contains some concluding remarks.
Theoretical Framework
The Fisher hypothesis states that the nominal interest rates, t i , is equal to the real interest rate, t r , plus expected inflation, Crowder and Hoffman (1996) use Johansen's (1988) procedure to test for cointegration between three-month Treasury bill rates and quarterly inflation for the period from 1952 to 1991, using US data. They find that nominal interest rates respond fully to movements in inflation, a finding consistent with the Fisher hypothesis. Evans and Lewis (1995) and Mishkin (1992) also examine the long-run relationship between interest rates and inflation with cointegration analysis, but employ Engle and Granger's (1987) In contrast to standard ARIMA process, the ARFIMA processes have long memory because the series may wander away from the mean for long periods. The fractional
where d is the parameter of fractional differentiation, and φ and θ are autoregressive and moving average polynomials of orders p and q, respectively. All the roots of ) (L φ and ) (L θ lie outside the unit circle and t ε is a white noise process.
In an ARFIMA process, value of the differencing parameter, d, can be any real number. If
, the process is covariance stationary and invertible. For
, all the autocorrelations are negative and tend hyperbolically towards zero.
In this case, the process is considered anti-persistent or with intermediate memory. If
, all the autocorrelations are positive and also decline hyperbolically. They are persistent and the process has, therefore, a long memory. The values of the autocorrelation function of an ARFIMA process fall, hence, more slowly than those related to an ARMA process, for which the fall is exponential. For
, the process is covariance non-stationary but mean-reverting since an innovation will have no permanent effect on its value. This is in contrast to an I(1) process which will be both covariance nonstationary and non-mean-reverting in which case the effect of an innovation will persist forever 6 .
To test the Fisher hypothesis, the Engle and Granger (1987) type of cointegration test is performed first. This is a two-step procedure that identifies long run relationship between two nonstationary variables. Cointegration between two series is supported if the error term from Equation (2) is stationary. The conventional unit root tests (ADF and PP) are normally applied in testing the stationarity of the error term. As discussed earlier, application of unit root tests that limit the differencing parameter to integer value could be misleading due to its inability to identify a long memory process. We relax this rigid limitation by allowing a fractional differencing parameter, which basically lead us to a fractional cointegration analysis.
Fractional cointegration enables to distinguish between the cases where the equilibrium errors are really non-mean reverting and where they are actually meanreverting but exhibiting significant persistence in short run. If the equilibrium error is found as
though not necessarily I(0), the two series are fractionally cointegrated (see Cheung and Lai, 1993) . The existence of fractional cointegration implies that the system of economic series may be randomly walking away from equilibrium for long episodes, but it finally returns back to the equilibrium. The value of d is estimated for the equilibrium error from a cointegrating regression and the null hypothesis
Data and Empirical Results

Data
Monthly data are taken from the IMF's International Financial Statistics. The Consumer Price Index (CPI) is used to measure inflation rate in each country by taking the logarithmic first difference of the CPI. For interest rates, Treasury bill (T-bill) rates are used, if available; otherwise lending rates are used because lending rate is the most risk free measure of interest rates after Treasury bill rates (see Berument and Jelassi, 2002) 7 . Table 1 reports the countries that were examined, the definition of the interest rate and the sample period for each country.
[Insert Table 1 ]
Empirical Results
To test whether the nominal interest rate and inflation rate are cointegrated, we first test for the existence of unit roots in the stochastic process generating these series using the KPSS test. Since the null hypothesis in Augmented Dickey-Fuller test is that a time series contains a unit root, this hypothesis is accepted unless there is a strong evidence against it. However, this approach may have low power against stationary near unit root processes. In contrast, Kwiatkowski, Phillips, Schmidt, and Shin (1992) ) would be stationary. Since the real interest rate series for all countries in the sample have a unit root, the full Fisher effect hypothesis would be rejected. Although they are not reported, all variables are stationary in their first differences. Hence the results indicate that all variables are integrated of order one, I(1). Since it has been determined that the variables under examination are integrated of order 1, then the cointegration test can be performed.
[Insert Table 2] Fractional cointegration analysis involves two steps 9 . First, the Fisher equation (2) is estimated with ordinary least squares; then the residual series is used to estimate the differencing parameter (d) by using the spectral regression (Equation (A.3) ). Then it is tested whether the fractional parameter d for each residual series is less than one using the critical values provided by Dittmann (2000) . When
, there is evidence of a mean reversion process. Results for power factor, μ , equal to 0.80 is reported in Table 3 . To compare the results from fractional cointegration with those from conventional cointegration, the Engle-Granger two-step cointegration test (ADF test) is also performed to identify any possibility of long run relationship between interest rates and inflation. The results of the ADF test on residuals are also reported in the third column of Table 3 . The results indicate that the residuals from only five countries, Korea, Chile, Mexico, Peru and Malaysia are stationary. Therefore, cointegration between interest rates and inflation are not supported for most countries in the sample when conventional unit root test is used, suggesting that the Fisher hypothesis does not hold. These results may be due to the fact that the usual concept of cointegration is too restrictive. Hence, we next apply the fractional cointegration tests. Since the tests should be applied on stationary series, they have been run on the residuals in first differences. The results of the ARFIMA long memory test on the residuals of the cointegration regressions are shown in the second column of Table 3 .
In contrast to conventional cointegration test, stationarity of the error term is supported for the most countries in the sample when fractional integration is allowed. The GPH test results indicate that the residual series for Korea, Costa Rica, the Czech Republic, Malaysia and Philippines are not fractionally integrated, whereas rest of the countries' residuals are fractionally integrated since the fractional difference parameter appears to be significantly different from zero. There is ample evidence of the residuals of the cointegration regression to be stationary or mean reverting. Hence the mean reverting process of the residuals support the long run equilibrium relationship between inflation and interest rates as proclaimed by the long run Fisher effect. The results indicate that evidence of a stable long run Fisher effect is found when a more generalized procedure such as ARFIMA is used. The conventional unit root tests that limit the differencing parameter to 0 and 1, however, provide results that invalidate the Fisher effect, suggesting that the long run equilibrium relationship between interest rates and inflation does not exist. Therefore, our results confirm that the conventional cointegration tests are more restrictive than their fractional counterparts. Our results also support the findings of Lardic and Mignon (2003) . They investigated the relationship between nominal interest rates and inflation in G7 countries, using fractional cointegration techniques for the period between 1970-2001. Their results indicate that the error term from the cointegration regression using conventional cointegration test is nonstationary, suggesting that the Fisher hypothesis does not hold. In contrast to the results of conventional cointegration tests, they found that all residual series are fractionally integrated.
[Insert Table 3] The Fisher relation not only implies cointegration between nominal interest rates and inflation, but that the cointegrating parameter is not significantly different from one (full Fisher effect) or is significantly lower than one but different from zero (partial Fisher effect). Cointegration can be thought of as a necessary condition for the Fisher hypothesis, but not sufficient. Therefore, we test whether the cointegrating parameter is different from zero or equal to one for all countries in the sample except for Korea, Costa Rica, the Czech Republic, Malaysia and Philippines since the presence of cointegration between nominal interest rate and inflation rate is not determined in these countries. As shown in Table 4 , all slope coefficients are positive and significantly different from zero for all countries that provides favorable support for a partial Fisher effect. The results also indicate the presence of a full Fisher effect only for Chile 10 .
[Insert Table 4] Since expected inflation is not available in general, the actual rate of inflation as a long-run proxy for the expected rate of inflation, which implies rational expectations with perfect foresight in the spirit of Fama's (1975) pioneering work, has been used in most of the previous empirical studies including ours. However, it is also argued in the literature that this assumption might be too strong and its sensitivity should be tested against alternative measures of expected inflation (see for example, Lovell, 1986) . One way to generate data on the expected inflation rate is to use ARMA models of the observed inflation rate series to obtain forecasts of future inflation rates. An ARIMA (p,q) instead of an ARMA(p,q) model was implemented since our inflation series were nonstationary. The fitted observations from the ARIMA model are the proxies for expected inflation. Since the fitted values were stationary, the fractional cointegration tests could not be performed.
Instead, two simple alternative measures, realized inflation last period and a twelve-month moving average of inflation rate are used. The results are reported in Table 5 11 . The findings are consistent with the results reported in Table 3 . In contrast to conventional cointegration test, the residual series are fractionally integrated for all countries in the sample when the realized inflation last period is used as a proxy of the expected inflation 12 . As for the twelve-month moving average of inflation rate, the results indicate that the residual series for Belgium, Finland, Germany, Switzerland, Chile, Malaysia, India, and Pakistan are not fractionally integrated, whereas rest of the countries' residuals are fractionally integrated. These results also show that evidence of a long-run Fisher effect is not robust to the choice of the statistical test employed. Furthermore, employing fractional cointegration tests using two alternative measures of expected inflation rate also places doubt on the evidence derived from conventional cointegration tests.
[Insert Table 5 ]
Conclusion
In this paper, we provide further empirical evidence on the validity of the Fisher 2. Fractional cointegration developed by Granger (1986) is linked to the fractional integration one that is itself linked to long memory property of time series (see Hosking, 1981) . In the fractional cointegration concept, the integration order of error correction term is not necessarily 0 or 1, but it can be a real number.
3. Berument and Jelassi (2002) is the most comprehensive study as far as the number of countries are concerned. They test whether the Fisher hypothesis holds for a sample of 26 countries by assessing the long-run relationship between nominal interest rates and inflation rates taking into consideration the short-run and longrun dynamics of interest rates.
4. Under the assumption of rational expectations, the expected inflation rate would coincide with that actually recorded, t π , except for a random prediction error t ε .
Hence, the expected inflation is estimated by the following equation, 6. For a more detailed exposition of fractional integration, see Granger and Joyeux (1980) , Granger (1981) and Hosking (1981) .
7. Both T-bill rates and lending rates were not available for Turkey; instead deposit rates were used as a proxy.
8. According to Kwiatkowski et al. (1992) 10. We perform two tests: First, we test whether cointegrating factors are statistically significant. Then, we test whether they are equal to one (for full Fisher effect).
11. The KPSS tests were performed for the two proxies of expected inflation. The test results show that both series are nonstationary in their levels. The results are available upon request from the authors.
12. The results of OLS estimations using the two proxies are similar with the results in Table 4. 13. Agiakloglou et al.(1993) , argue that the GPH estimator of the fractional differencing parameter may have serious bias in case of large AR and MA parameters. Alternatively, exact maximum likelihood method established by Li and McLeod (1986) , Sowell (1992) , Robinson (1994) can also be used as parametric methods to estimate d. Cheung and Lai (1993) , however, show that d estimates obtained by maximum likelihood procedures were generally below GPH estimates which could be an indicator of a potential bias of maximum likelihood estimates.
Furthermore, ML estimation is claimed to produce more accurate results than GPH when the correct model specification is known, but generally it is not known. ML estimation is also computationally burdensome since it involves the estimation of autocovariances of the ARFIMA models, which may lead to serious rounding errors (see Soofi, 1998 
The last term on the right-hand side of Equation A.2. becomes negligible when lowfrequency ordinates j λ are near to 0. The following simple regression is hence suggested. The optimum lag lengths are based on Schwert (1989) . * ,**,*** indicate a unit root at 1%, 5% and 10% level under critical values of 0.119, 0.146, 0.216 and 0.347, 0.463 and 0.739 for the models with trend and without trend, respectively (Kwiatkowski et al., 1992 , Table 1 ). ; *, and ** denote significantly different form zero and less than one at 1% and 5% levels, respectively. ¥ , however, denotes significantly different from zero but not significantly different from one at 1% level. Note: Fractional Cointegration: *, ** and*** denote significance at 2.5%, 5%, 10%, respectively. Critical values are based on Dittmann (2000) . The figures in the parentheses are the t-ratio of the estimated d. The figures in the brackets are the optimal lags that are chosen according to AIC.
